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@ For a specific complex number z, the sequence
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o If it converges to the complex number w, we write

o
w = Z an(z —c)"
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f complex function, ¢ a point in the domain — the following are

equivalent IMRT
o f is differentiable in a neighborhood of ¢ Elementary
@ f has derivatives of all orders in a neighborhood of ¢ ’\1“1
e f can be expanded as a power series centered at ¢ in a S
neighborhood of ¢
Strict hierarchy for real functions SN
e f:R—R o
F(x) = x|x|

e Differentiable at all points f'(x) = 2|x]
e No second derivative at 0

o f:R—R

ifx<0

F(x) = {zxp(—x), if x>0 “

e Has derivatives of all orders
e No power series expansion about 0



Analytic function and polynomials .

Analytic function—infinite analogue of polynomials
IMRT

Elementary
functions
Analyticity
Power Series
vs Real

vs

Polynomials

Problems



Analytic function and polynomials .

Analytic function—infinite analogue of polynomials
IMRT

p(z) polynomial _
@ The set of zeros of p(z) is finite Py




Analytic function and polynomials .

Analytic function—infinite analogue of polynomials
IMRT

p(z) polynomial _
@ The set of zeros of p(z) is finite e
o If ais a zero of p(z), there exists a positive integer m and a Analyticity
polynomial q(z) such that p(z) = (z — a)"q(z) and q(a) # 0 P Seaie:




Analytic function and polynomials .

Analytic function—infinite analogue of polynomials

IMRT
p(z) polynomial _
@ The set of zeros of p(z) is finite functions
o If ais a zero of p(z), there exists a positive integer m and a Analyticity
polynomial q(z) such that p(z) = (z — a)"q(z) and q(a) # 0 P Seaie:

o If a is a zero of p(z), there exists a positive integer m such
that p(k)(a) =0 for 0 < k < m—1 and p{™(a) #0




Analytic function and polynomials .

Analytic function—infinite analogue of polynomials

IMRT
p(z) polynomial _
@ The set of zeros of p(z) is finite functions
o If ais a zero of p(z), there exists a positive integer m and a Analyticity
polynomial q(z) such that p(z) = (z — a)"q(z) and q(a) # 0 P Seaie:

o If a is a zero of p(z), there exists a positive integer m such
that p(k)(a) =0 for 0 < k < m—1 and p{™(a) #0
f is an analytic function on a connected open set




Analytic function and polynomials .

Analytic function—infinite analogue of polynomials

IMRT
p(z) polynomial _
@ The set of zeros of p(z) is finite functions
o If ais a zero of p(z), there exists a positive integer m and a Analyticity
polynomial q(z) such that p(z) = (z — a)"q(z) and q(a) # 0 P Seaie:

o If a is a zero of p(z), there exists a positive integer m such
that p(k)(a) =0 for 0 < k < m—1 and p{™(a) #0
f is an analytic function on a connected open set
@ The set of zeros of f is discrete




Analytic function and polynomials .

Analytic function—infinite analogue of polynomials

IMRT
p(z) polynomial _
@ The set of zeros of p(z) is finite functions
o If ais a zero of p(z), there exists a positive integer m and a Analyticity
polynomial q(z) such that p(z) = (z — a)"q(z) and q(a) # 0 P Seaie:

o If a is a zero of p(z), there exists a positive integer m such
that p(k)(a) =0 for 0 < k < m—1 and p{™(a) #0
f is an analytic function on a connected open set
@ The set of zeros of f is discrete
e If ais a zero of f, there exists a positive integer m and an
analytic function g such that f(z) = (z — a)"g(z) and
g(a) #0




Analytic function and polynomials .

Analytic function—infinite analogue of polynomials
IMRT

p(z) polynomial _
@ The set of zeros of p(z) is finite e
o If ais a zero of p(z), there exists a positive integer m and a Analyticity
polynomial q(z) such that p(z) = (z — a)™g(z) and g(a) # 0 P Seer
o If a is a zero of p(z), there exists a positive integer m such
that p(k)(a) =0 for 0 < k < m—1 and p{™(a) #0
f is an analytic function on a connected open set
@ The set of zeros of f is discrete
e If ais a zero of f, there exists a positive integer m and an
analytic function g such that f(z) = (z — a)"g(z) and
g(a) #0
o If ais a zero of f, there exists a positive integer m such that
p(z) =0for 0 < k < m—1and f(™(a) £ 0




Analytic function and polynomials .

Analytic function—infinite analogue of polynomials
IMRT

p(z) polynomial _
@ The set of zeros of p(z) is finite e
o If ais a zero of p(z), there exists a positive integer m and a Analyticity
polynomial q(z) such that p(z) = (z — a)™g(z) and g(a) # 0 P Seer
o If a is a zero of p(z), there exists a positive integer m such
that p(k)(a) =0 for 0 < k < m—1 and p{™(a) #0
f is an analytic function on a connected open set
@ The set of zeros of f is discrete
e If ais a zero of f, there exists a positive integer m and an
analytic function g such that f(z) = (z — a)"g(z) and
g(a) #0
o If ais a zero of f, there exists a positive integer m such that
p(z) =0for 0 < k < m—1and f(™(a) £ 0
An analytic function on a connected open set has at most one
extension




Analytic function and polynomials .

Analytic function—infinite analogue of polynomials
IMRT

p(z) polynomial _
@ The set of zeros of p(z) is finite e
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g(a) #0
o If ais a zero of f, there exists a positive integer m such that
p(z) =0for 0 < k < m—1and f(™(a) £ 0
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A real differentiable function on an open interval may be extended
in infinitely many ways €3
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@ Prove that the function f(z) = Z is not differentiable at any
point

Analyticity

Power Series

e Prove that the function f(z) = |z|? is differentiable only at 0 75 Mot

e Find the principal value of i

Polynomial
@ Which of the following sets of functions are integral domains Problems
with respect to point-wise addition and multiplication:

e The set of all real polynomial functions on an interval of real
numbers

e The set of all real differentiable functions on an open interval
of real numbers

e The set of all analytic functions on an open connceted set of
complex numbers
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